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Chapter 14. Using the Propensity 
Score in Regression for Causal 
Effects



Two simple methods to use the propensity score in regression model:

- Including propensity score as a covariate in regression.

- Running regression model weighted by the inverse of the propensity score. 



Regression with the propensity score as covariate

Quick recap:

- Treatment effect: τ = E[Y(1) - Y(0)], Y(1)is the potential outcome when unit receive the 

treatment (Z = 1), and Y(0) is the potential outcome when unit does not receive (Z=0)

- Propensity score is the sufficient statistic of the covariate, defined as: e(X) = Pr(Z = 1 | X); 

when given the propensity score, Y(1), Y(0) ⫫ Z | e(X).

- Causal effect identification:  τ = E[E[Y | Z = 1, e(X)] - E[Y | Z = 0, e(X)]]



Regression with the propensity score as covariate

Regression model: E[Y | Z, e(X)] = a + bZ + ce(X)

Theorem 14.1

τₑ = E[Y(1) - Y(0)] = τ = E[Y | Z = 1, X] - E[Y | Z = 0, X], given the ignorability assumption

the coefficient of Z in a population OLS regression of {1, Z, e(x)} equals the causal effect τ.



Regression weighted by the inverse of the propensity score

IPW adjust the sample distribution of the treatment group and the control group by assigning 

weights to each sample to make them more balanced in terms of the covariates.

For Z = 1, weight is 1/e(X); For Z = 0, weight is 1/(1-e(x))

How to estimate τ0 (ATE) by IPW?

- The first part is the weighted mean of the treatment group results; the second part is the 

control group.

- Identically, WLS



Regression weighted by the inverse of the propensity score

How to  use WLS and IPW to estimate the causal effect 

WLS gives a consistent estimator for the ATE τ and also equivalent with the Hajek estimator.

Extension: 

when the e(X) is an estimator rather than a true value, the estimator can still be consistent;

WLS can be extended to more generalized framework, e.g. nonlinear causal effect. 

e(Xi )=P(Zi =1∣Xi )



Regression weighted by the inverse of the propensity score

Two estimators

1. Regression Estimator

2. Doubly Robust Estimator

Treatment group prediction results

corrects the observation bias by weighting it to a propensity 
score weighted average



Regression weighted by the inverse of the propensity score

Intercept 
difference



Regression weighted by the inverse of the propensity score

Intercept 
difference

Use:
● WLS can effectively adjust the imbalance of covariate distribution and 

is particularly suitable for observational data.

● WLS may perform worse when the model is wrong or 
heteroskedasticity exists.



Regression weighted by the inverse of the propensity score



Regression weighted by the inverse of the propensity score

ATT



Chapter 15. Matching in 
Observational Studies



Regression weighted by the inverse of the propensity score

Exact match



15.2 A more complicated but realistic scenario

Perfect matching can be difficult, then approximate matching can be achieved.

Distance Metric:

1) Euclidean Distance

2) Mahalanobis Distance



15.2 A more complicated but realistic scenario

Subtle Issues

1) One  to One matching and One to M matching

2) Matching with replacement
a) With replacement is more computationally convenient; gives matches higher quality

b) Without replacement involves computationally intensive discrete optimization

3) External validity

4) High dimensionality
a) Propensity score



15.3 Matching estimator for the average causal effect

Point estimation

Treatment 
group

Bias correction



15.3 Matching estimator for the average causal effect



15.5 Case study

Experimental data



15.5 Case study

Experimental data



15.5 Case study

Observational data



15.5 Case study

Covariate balance check



summary

Chapter 14

● Including PS as covariate
○ Adjust for confounding in regression
○ Relies on regression adjustment
○ Simple: add PS as covariate in regression

● IPW
○ By reweighting to balance covariate
○ Weights directly balance covariates
○ Require reweighting and diagnostics for weights

Chapter 15

● Matching in observational studies
○ estimator


